Abstract: Cosmological fluids with a Generalized Equation of State (GEoS) are here considered, whose corresponding EoS parameter ω describes a fluid with phantom behavior, namely ω < −1, but leading to universes free of singularities at any past or future, finite time. Thus avoiding, in particular, the Big Bang and the Big Rip singularities, the last one considered to be typical in phantom fluid models. More specifically, such GEoS fluid cosmologies lead to regular Little Rip universes. A remarkable new property of these solutions is proven here, namely that they avoid the initial singularity at early times; therefore, they are able to describe emergent universes. Solutions of this kind had been studied previously, but only either as late time or as early time solutions; never as solutions covering both epochs simultaneously. Appropriate conditions are proposed here that relate the Little Rip cosmologies with the initial regular universe, for the future and past regimes, respectively. This is done by taking as starting point the conditions under which a given scale factor corresponds to a Little Rip universe.
I. INTRODUCTION
Current cosmological observations have established that the expansion of the Universe is going through a late time accelerated phase. In the framework of general relativity, this acceleration could be produced by an exotic fluid, called dark energy, which necessarily has a negative pressure causing an overall repulsive behavior of gravity at large cosmological scales (see, e.g, [1] - [3] for some reviews). Another issue that emerges from the cosmological data is that the EoS of this fluid may be represented in the simplest form ω = P/ρ (although more complicated EoS are sometimes considered in the literature), where ω lies very close to −1, most probably being below −1. For example, the last Planck results yield ω = −1.006±0.045 for a constant ω model and assuming a flat universe [4] . On the other hand, the nine years of WMAP survey in combination with CMB+BAO+H 0 measurements for the flat space case give ω = −1.073 +0.090 −0.089 , which in combination with SNe data yields ω = −1.084 ± 0.063 [5] . Furthermore, A. Rest et al. [6] , using the 1.5 year measurements of the Pan-STARRS1 project combined with * felipe.contreras@usach.cl † norman.cruz@usach.cl ‡ elizalde@ieec.uab.es § esteban.gonzalezb@usach.cl ¶ odintsov@ieec.uab.es BAO+CMB(Planck)+H 0 and assuming a flat universe, have found the value ω = −1.166
+0.072
−0.069 , which is inconsistent with the value of −1 at the 2.3σ level. These results are indicating that a phantom behavior of the dark energy component cannot be ruled out from current cosmological data, rather on the contrary (see [7] - [10] ). As a consequence, if this possibility is taken seriously, an effective approach to describe phantom EoS is the inclusion of Generalized Equations of State (GEoS).
The study of GEoS for the main fluid component of the universe has already some history. They were inspired, to the best of our knowledge, in the particular behavior of Friedman models in inflationary scenarios. In order to extend the range of known inflationary behaviors, Barrow [11] assumed that the matter stress has a pressure p and density ρ that are related by the following model EoS
where B and λ are both constant, with B = 0. The standard EoS of a perfect fluid, p = (B −1)ρ, is recovered when λ = 1. A variation of Eq. (1) was discussed by Mukherjee et al [12] , who considered the form
the case with A = −1, as well as other more general EoS fluids, having been studied in [13] and [14] . In these works, cosmological solutions of dark energy models with generalized fluids were analyzed, focusing in the future expansion of the universe. A late time behavior of a universe filled with a phantom dark energy component with an EoS given by Eq. (1) was investigated in [15] and [16] , where the allowed values of the parameters A and B were constrained using H(z) − z data, a model independent BAO peak parameter, and a cosmic parameter (WMAP7 data). It is interesting to note that cosmological solutions of GEoS, in particular the GEoS in (1) and (2) , have been investigated in order to describe both the behavior of the very early and very late universe regimes. Nevertheless, the very remarkable fact was nowhere pointed out, that solutions without a future singularity, such as little rip solutions, can also represent in the past perfectly regular solutions, corresponding to emergent or bouncing universes, and vice-versa. Furthermore, such effective fluid description is typical for modified gravity [17] .
The main aim of this paper is to prove that some solutions, which until now have been discussed as late-time solutions or as early-time solutions, exclusively, but never as a solution in both regimes, can in fact give rise to perfectly valid solutions in both regions, not developing singularities in the past neither for any finite future time. We obtain also the mathematical conditions required for a cosmological solution in order to avoid both past and future singularities. In particular, we will exhibit exact solutions, previously found in the literature for late or for early times only, and which indeed fulfill these conditions. They will be proven to be regular at every time, except in the strict limit t → ∞ The outline of the paper is as follows. In Section II we obtain the conditions to be satisfied in order to have solutions with a little rip behavior at late time and a regular behavior at earlier times. In Section III we discuss some solutions found in previous investigations, either as little rip solutions or as early-time regular solutions, under this new perspective and with a corresponding singularity analysis. We show how these solutions fulfill the conditions encountered in Section II and, consequently, how they can be extended to the future, or to the past (depending on the studied case). In other words, they can be promoted to cosmological solutions without singularities of any sort, neither in the past nor in the reachable future. Section IV is devoted to conclusions and to a final discussion of the new perspectives opened by these findings. Units where 8πG = c = 1 will be used throughout this work.
II. CONDITIONS FOR LITTLE-RIP AND REGULAR EARLY-TIME UNIVERSES
We will here obtain the conditions to be fulfilled by the scale factor a(t) in order to avoid the initial singularity and late time singularities of the Big Rip type. With this in mind, we must first understand in detail the evolution of the behavior of the scale factor. To this end, we take advantage of the proof that appears, in much detail, in Appendix A, and which evidences that when the flat FLRW metric is considered with only one dominant fluid and an EoS with a parameter of state ω < −1/3, then the only universes without singularities are those of the Bouncing and of the Emergent types.
Both the Bouncing and the Emergent universes need the scale factor a(t) to behave as a convex or strictly convex function. This condition is obtained by imposing ω to satisfy the condition ω < −1/3. The difference between considering the conditions ω < −1 and ω < −1/3 lies in the possibility to have Big Rip type singularities in the future, because if −1/3 > ω > −1 then the Hubble parameter H is a decreasing function and therefore the Big Rip phenomenon does not occur. Identically, in the presence of quintessence, singularities of the Big Rip type do not exist. However, as is well known, in presence of phantom matter it is indeed possible to have this type of singularities.
In what follows, we will first recall the results previously found concerning the situations that lead to Little Rip models. Secondly, we will analyze the conditions in order to avoid past and future singularities, namely initial singularities and Big Rip ones. We will then proceed to match both constraints and to obtain the general conditions that lead to regular universes. Finally, we will study the behavior of the EoS parameter ω when the density ρ is equal to zero in the Bouncing models.
A. Conditions for a Little Rip
The conditions under which a dark energy density that increases with time, with EoS parameter ω < −1, is able to avoid, in fact, a finite-time future singularity, were discussed in [18] . Below there is a summary of the main conditions found.
Assuming that a(t) can be written in the form
the condition for this scale factor to be a non singular function for all t is translated into a non singular function f (t) (although this last could still tend to −∞, as is rigorously stated in App. 1). Then, the condition ω < −1 leads to dρ/da > 0, which for f (t) implies the following restrictionf
Thus, all Little Rip models with ω < −1 are described by a scale factor given by an equation of the form (3), with a non singular function f satisfying Eq. (4). In [18] the conditions were also considered for the case of a Little Rip singularity, when both the EoS and the density as a function of the scale factor ρ(a) are specified, but in our case we will only need to use the scale factor, a(t).
It is important to mention that, also in [18] , it was found that the above little rip solutions are consistent with the ΛCDM bounds, i. e., compliance with the supernovae data force the Little Rip model into a region of parameter space in which the model resembles ΛCDM.
B. Conditions for Regular Universes
In this subsection we will find the conditions for a universe that is regular at both early and late times. The conditions for a Little Rip only consider future times, while for those here we need, in addition, the early time conditions. Early singularities show up when the scale factor satisfies a(t 0 ) = 0, a t→t0 − −− → −∞, or a t→−∞ −−−−→ 0, at some specific time t = t 0 . Considering the early singularities and the convexity of the scale factor a(t), it becomes possible to modify Eq. (3) through a non-negative constant in such a way that the conditions for a Little Rip are included in the general conditions for a regular universe to exist at all values of t. Inspired in the Little Rip Eq. (3), let us consider the following scale factor
where g is chosen as a non singular function, in order to avoid both a singularity of the type a t→±t0 − −−− → ∞ and one of the type a(t 0 ) = 0, and s is a non-negative constant, in order to avoid singularities of the kind a
−−−−→ −∞, then it is necessary to consider s > 0 in order to get a universe with a minimum spatial size. In the other case, namely when the function g(t) does not converge to −∞, it is not necessary to consider a positive constant s, and it is allowed that s may take the value zero. Therefore, Eq. (5) represents a scale factor that avoids both types of singularities: the initial singularity and the late-time, Big Rip one.
It is compulsory to study now how the condition ω < −1 leads to the corresponding conditions upon g and s.
In what follows, we will just consider a flat space in the FLRW metric. Let us start from the Friedmann equations
the conservation equatioṅ
and the one for the EoS parameter ω,
In the case that there exists a point t 0 such that P (t 0 ) = ρ(t 0 ) = 0, then the value of ω(t) at t = t 0 will be given by the following limit
In this way, using the restriction ω < −1 and Eq. (9), we get that
Since the only possible models are Bouncing or Emergent universes, then from Eq. (6) one can see that ρ reaches the value 0 only at the bounce time t b , in the Bouncing model. In the case of the Emergent universe, the scale factor is always growing. In this way, using Eqs. (6), (8) and (10), it becomes possible to rewrite Eq. (12), for the case ρ(t b ) = 0 as
Thus, the condition dρ da > 0 must be fulfilled at all times except for the bouncing model ifä(t b ) = 0. Therefore, in this case the inequality (12) becomes an equality at the bounce time t = t b . Using Eq. (5) in Eq. (6), we see that ρ can be expressed as
As a consequence, the condition dρ da > 0 leads to
and, finally, we have from Eqs. (12) and (15) that ω < −1 if and only if
at all times, except for the time t b in the Bouncing model ifä(t b ) = 0, in which case the inequality changes into an equality at the bounce time t = t b . It is to be noted that the functions a(t) in Eqs. (3) and (5) are very similar except for the constant s. Therefore, if s = 0, the conditions for a Little Rip universe, and for one that is non-singular in the past, are the same as those obtained in Eq. (16) for s = 0. This is the case in most of the situations considered. Generally, it is easier to represent a(t) in terms of the function g(t) only, after having taken the constant s = 0. In summary, the conditions for a universe that is regular at all finite times with s = 0 are
In the other case, when the constant s > 0, the conditions for getting a regular universe are
where G(t) = e g(t)g (t) +g(t)s +ġ(t) 2 s. The relation between the function f in Eq. (3) and the function g with the constant s of Eq. (5), yields
Let us now analyze in detail what happens with the EoS parameter ω when ρ = 0.
C. Criterion for Bouncing universes
Let us suppose that we have a Bouncing universe dominated by a Phantom fluid with ω(t) < −1. Moreover, assume that, at the time of the bounce, t = t b , the relation P (t b ) = 0 is satisfied. Then, using Eq. (10), we obtain that ω(t b ) = −∞. Now, if P (t b ) = 0, then Eq. (8) leads toä(t b ) = 0. Furthermore, from Eqs. (6), (8) and (10), it comes out that ω(t) is given by
To know the value of ω(t b ), a property that is considered in App. B is used, which implies that if f is an analytic function at t 0 such that f (t 0 ) =ḟ (t 0 ) = 0, then
f (t) = ∞. Consideringȧ as f in the property of App. B, and usingä ≥ 0 in Eq. (20) , one reaches the conclusion that the behavior of ω in t = t b is given by
This result not only says what happens with the EoS parameter ω at the time of the bounce, but also, and even more important, whether the scale factor represent a bouncing or an emergent model. The latter is because, when the scale factor a represent an emergent universe, then the EoS parameter ω is a regular function. Therefore, if at the time of the bounce, t b , ω satisfies ω(t b ) = −∞, then the model is certainly a bouncing solution.
We conclude this section with an example that clearly illustrates this feature. Consider the following scale factor and its associated EoS parameter a(t) = e t 1 + e −2t ,
This solution represents a Bouncing universe without singularities and with ω < −1; nevertheless, there exists a point such that ω(t b ) = −∞.
III. REGULAR SOLUTIONS OF THE GEOS
In what follows we will consider cosmological Bouncing and Emergent solutions for a universe filled up with one exotic fluid, already studied before, and we will prove how these solutions satisfy the conditions indicated in Sect. II.
A. First Solution
To start, we restrict the GEoS of the fluid to a particular case of the general form given in Eq. (1)
The solution for the GEoS in Eq. (23) with B > 0 was first obtained in [11] and was analyzed in [19] as a regular solution at early time. The late behavior of this EoS yields a scale factor as a function of the cosmic time, given by It is necessary to mention that the double exponential behavior of this solution was previously found for a bulk viscous source in presence of an effective cosmological constant [21] . This is a consequence of the inclusion of bulk viscosity in the Eckart theory, which leads to a viscous pressure Π of the type −3ξH, where ξ is usually assumed to have the form ξ = ξ 0 ρ δ . In this solution, the asymptotic behavior of the scale factor is a 
3B
. The Hubble parameter is given by
where the above expression indicates that H is a positive function, with asymptotic behavior described by H t→∞ −−−→ ∞ and, H t→−∞ −−−−→ 0.
Emergent and Little Rip solutions
As it was discussed in [18] and briefly in Sect. II.A here, the solution given in Eq. (24) 
In such case, the function g(t) is equal to the function f (t), and it can be represented by
Its second derivative,g(t), reads
from where it is concluded thatg > 0. Therefore, using Eq. (17), it turns out that this scale factor leads to an Emergent regular universe dominated by a Phantom fluid. In order to check this fact, it is possible to study the behavior of the EoS parameter ω(t). Using Eq. (24) in Eq. (20), we get that ω(t) is given by 
The above equation shows that ω < −1 for all finite time, and that the scale factor represents an Emergent universe, because ω(t) is a regular function. Thus, it always has a phantom behavior and also a de Sitter like expansion at infinite future time.
Constraining the model
3 and a dark energy component of the form
which is obtained from Eq. (6), (25) and the relation 1 + z = 1/a, where a 0 = 1. Here, for the numerical calculus, we defined the adimensional constantŝ The parameterB is chosen to make the best fit to the latest supernova data from the Supernova Cosmology Project [20] , and has the value ofB = 0.0274 +0.0275 −0.0189 . It is important to mention that in the fitting we use Ω m = 0.274, Ω DE = 1 − Ω m and H 0 = 70.1 km s −1 M pc −1 . It is worthwhile to note that the best fit value forB closely resembles the one for the ΛCDM model, as we can see in Fig.(3) , where the ΛCDM line is essentially indistinguishable from the one for the Little Rip model. The reason is that at present time, for z = 0, we have clearly the ΛCDM model, and as the value ofB ≪ 1 then ρDE 3H 2 0 ≈ ρ Λ , and essentially we have also a model very close to ΛCDM for z > 0. Furthermore, in this limit we have an EoS for the Dark Energy that fulfills the condition ω < −1 with |1 + ω| ≪ 1, i. e., this models closely resembles at low redshift the Big Rip models.
B. Second solution
In the introduction we already mentioned that Mukherjee et al. took the GEoS given by Eq.(2) and found for A > −1 and B > 0 a scale factor of the form where a i and β are positive constants, α = B √ 3/2 > 0, and γ = 2/3(A + 1). The Hubble parameter is given by Eq. (32), as
From these solutions it is not difficult to see that a 
Emergent and Little Rip solutions
Owing to the fact that H is always positive during the cosmic evolution, it is quite straightforward to see that, for t → ∞, the solution behaves asymptotically as a de Sitter universe, with H = const., and that no future singularity exists. The minimum value of a(t) is a min = a i β γ and it is reached in the limit t → −∞. Therefore, we can use Eq. (5), taking s = 0, and obtain that the function g(t) (which is now equal to the function f (t)), is given by
whileg(t) readsg
The above equation leads to the conditiong > 0. Therefore, using Eq. (17) one gets that this scale factor leads to an Emergent regular universe dominated by a phantom fluid. In order to check this, it is possible to study the behavior of the EoS parameter ω(t). Using Eq. (32) in Eq. (20), it turns out that The above equation shows that, in fact, ω < −1 for all time and that the scale factor represents an Emergent universe, because ω(t) is a regular function.
C. Third solution
A cosmological inhomogeneous GEoS of the form
was introduced in [22] (for general review of viscous cosmology see [23] ). The function f (ρ) is an arbitrary one and ξ(H) is a general function of H related to the effective pressure for a fluid with viscosity. In the simple case ξ(H) = ξ 0 =const., and taking f (ρ) = Bρ 1/2 , the GEoS becomes
For a flat universe, an exact solution was found in [22] in terms of the energy density as a function of time. Using this expression, it is now quite straightforward to see that an infinite time is needed to reach an infinite energy density, which correspond to a Little Rip under viscous conditions. As we are interested in exploring the behavior of this solution in more detail, we will integrate Friedmann's equations in order to find the explicit form of the scale factor as a function of the cosmic time. Using the GEoS given in Eq. (38) in the continuity equation, Eq. (9), and integrating using the initial conditions, a(t = t 0 ) = a 0 and ρ(t = t 0 ) = ρ 0 , we obtain a(ρ) =a 0 Bρ From Eqs. (38), (6) and (9) with the same initial conditions as for the scale factor, we obtain the energy density as a function of the cosmic time, as
where η = Bρ 1/2 0 + ξ, which allows us to introduce in Eq. (39) the scale factor as a function of time
and a Hubble parameter
From Eqs. (41) and (42) 
Bouncing and Little Rip solution
As it was pointed out in [22] , this solution leads to a Little Rip for late times, which is straightforward to see from Eqs. (41) and (42). In order to check our previous theorem, it is needed that the function f (t) satisfiesf (t) >, where f (t) is given by a = e f (t) . The minimum value of a(t) is obtained from Eq. (41), as
. Thus, we can use Eq. (5) considering s = 0. In this case, we obtain that the function g(t) (here again g = f ) is given by 
andg(t) readsg
where from it is clear thatg > 0. Therefore, using Eq. (17) the result is that this scale factor leads to a bouncing regular universe dominated by a phantom fluid. As this scale factor represents a bouncing universe with an EoS parameter ω < −1, it is possible to use the above criterion for a bouncing universe, what exhibits that this effective EoS parameter ω reaches the value of −∞ at the time of bounce t = t b . Indeed, using Eq. (41) in Eq. (20), the effective ω(t) is obtained as
where it is shown that ω < −1 for all time and that the scale factor represents a bouncing universe, owing to the fact that ω(t b ) = −∞.
D. Fourth solution
A scale factor with exponential behavior was studied in [24] , with the exact form 
and Hubble parameter
Here a 0 and α are positive constants, and n a non-zero natural number, which affects the features of the bouncing. When n < 1/2 or n is a positive non-natural number, the bounce is changed into a finite-time singularity, occurring at t = t 0 , or into an Emergent universe, with a = 0 for t → −∞.
Bouncing and Little Rip solutions
Eq. (46) exhibits a scale factor a(t) that corresponds to a Little Rip universe for late times, when n is a positive natural number. To check this behavior, just as it was done before, it is necessary that the function f (t) fulfills the conditionf (t) > 0, where f (t) is given by the relation a = e f (t) . The time of bounce is reached at t = t b = t 0 , with a scale factor taking the value of a(t 0 ) = a b = a 0 . With this scale factor, it is possible to study when the EoS parameter satisfies ω < −1, and its behavior in the vicinity of the bounce point t 0 . Since the constant a 0 > 0, it is possible to represent the scale factor (46) by Eq. (5) with s = 0. In this case, one gets that the function g (here g = f ) is given by The regularity of g and its derivatives comes from the fact that n ∈ N. Now, the functiong(t) reads
The above equation reveals thatg > 0 ∀ n ∈ N and t ∈ R. Therefore, the EoS parameter ω satisfies ω < −1. Indeed, using Eq. (46) in Eq. (20), we conclude that
This equation corresponds to ω < −1 for all times, and the scale factor represents a bouncing universe, due to the fact that ω = −∞ at t = t b = t 0 .
E. Fifth solution
A power-law behavior for the scale factor was also studied in [24] , yielding in this case the exact form
where a 0 and α are positive constants, and n is a positive natural number. 
Bouncing and Little Rip solutions
Eq. (51) shows a scale factor a(t) that corresponds to a bouncing regular universe. Now, we are going to check the Little Rip behavior from the conditionf (t) > 0. The time of bounce is reached at t = t b = t 0 , with a scale factor taking the value of a(t 0 ) = a b = a 0 . With this scale factor, it is possible to study when ω < −1 and the behavior of ω in the vicinity of the bounce point t 0 . As a 0 > 0, it is possible to represent the scale factor (51) by Eq. (5) with s = 0. Thus, the function g (again g = f ) is obtained as
and the functiong(t) can also be calculated for the above equation, and has the following form
In this case, the sign of the functiong depends of the value of a 0 . This is due to the fact that the domain where ω < −1 depends on the value of a 0 . Using the above equation, one gets thatf (t) > 0 for t ∈ (t 0 − t s , t 0 + t s ),
. Therefore, ω < −1 if t ∈ (t 0 −t s , t 0 +t s ). It is possible to check this result by using Eq. (20) in order to obtain ω(t), with the result
We see that the EoS parameter ω at the time of bounce is ω(t 0 ) = −∞. Moreover, ω < −1 for t ∈ (t 0 − t s , t 0 + t s ), as is clear from the previous expressions. 
IV. FINAL REMARKS
We have shown in this paper that some previously considered cosmological solutions for a flat universe filled with a GEoS with a phantom behavior can actually yield regular solutions at late times, avoiding Big Rip singularities and behaving closely to the ΛCDM model, when constrained by the cosmological data. Additionally, they can also give rise to early time regular solutions, like emergent or bouncing universes, without an initial singularity. In other words, these solutions represent regular solutions for all time, except at the (unreachable) asymptotic limit t → ∞, provided some very reasonable conditions are fulfilled.
We have also proved that, for the bouncing models of flat FLRW metric in a phantom regime, the state parameter ω associated to the EoS converges to minus infinity in the time of bounce, namely that ω (t b ) = −∞. This means that, although the bouncing universes are regular solutions for the flat FLRW universe, their state parameter cannot be defined at the time of bounce as a function of the cosmological time.
The condition to avoid Big Rip solutions was found in [18] . We have here extended this criteria in order to find the conditions that allow to avoid the initial singularity and the late time singularity of Big Rip type simultaneously. This is a most remarkable result. We have shown that in a flat space dominated by a fluid given by a GEoS with a EoS parameter ω < −1 in the FLRW metric, only the Bouncing and Emergent universes are free from singularities, and that all solutions with a scale factor that can be written in the form e g(t) + s will represent Regular and Little Rip Universes if and only if g(t) satisfies the conditions (17) for s = 0 and (18) for s > 0.
Using those conditions, we have investigated five different solutions, which had been previously discussed in the literature, but always in the context of either their late-time or early-time behavior only, never in both domains consistently. The linking that can be established, by means of the above conditions, between the regular solutions occurring at early or late times, has proven to be very powerful in extending the procedure for getting regular solutions valid in both regions simultaneously. The final result has been, in each case, to produce new cosmological solutions that are non-singular for all finite time, a considerable extension of the regular solutions that had been found previously.
It is worth mentioning that the phantom behavior of all the solutions considered is a key feature of the method; this allows to establish the link found here. The result, from the physical point of view, is that we now have a well grounded theoretical model, which explains the phantom behavior consistently, and which opens the possibility for a solid description of the early and late time stages of the universe in a consistent way, without singularities. If the results of the latest astronomical surveys, which point towards a phantom cosmology, are confirmed by more precise observations, the importance of the theoretical models here obtained may also be paramount. In this Appendix we prove that in a flat space dominated by a fluid, with EoS parameter ω < −1/3, in the FLRW metric, the only models without singularities are the Bouncing and the Emergent ones.
The definition of EoS parameter ω in Eq. (10) is used not to discard the case P (t b ) = ρ(t b ) = 0. Furthermore, ω is required to be defined for all time, except perhaps at a point where it tends to −∞. In this way, it is not allowed that ρ can be zero in a whole interval, even if P is also zero. The next example illustrates a function ω(t) that is not well defined for all t. Consider an emergent solution with smooth functions ρ, P and a, obtained from a scale factor as an Ansatz. The behavior of the scale factor is constant for t ≤ 0 and exponential for t > 0, with ω < −1 for t > 0. This behavior is represented in Fig. 12 .a. 
FIG. 12. Examples
As we can see, this model is an emergent universe of the Little Rip type, where a, ρ and P are of class C ∞ and the scale factor is a convex function, thusä ≥ 0. In this case, ω < −1 for all t > 0, but it is not defined for values t ≤ 0, since P (t) = ρ(t) = 0 for t ≤ 0. Thus, ρ cannot be 0 in a whole interval (and therefore neitherȧ). Furthermore, if we demand that ρ ∈ C ∞ , then the set of points T such that ρ(t) = 0 must be numerable and the adherence of any subset T i of this cannot be equal to the interval [x, y], for any x, y ∈ R. Otherwise, there would be intervals in which the function ρ would jump from the points where it is nonzero to zero discontinuously. Therefore, at most a numerable quantity of points t n may be considered such that ρ(t n ) = 0.
The next is an example that yields the existence of functions ρ(t) with a numerable infinite quantity of points where ρ(t) = 0, with ω well defined at all points, and with the function ρ ∈ C ∞ . This is a valid solution of the Friedmann equations and one that avoids any kind of singularity, yielding an ω well defined for all time, but one that does not satisfy the condition ω < −1/3. Consider the energy density as an increasing oscillating function for t > 0 and with exponential behavior for t < 0, with ρ(0) = 0. This behavior is represented in Fig. 12 .b. Without further difficulties, it is possible to see that ω is well defined at all points, and that ω < −1/3 in some piece of each cycle.
After considering the above preambles, let us continue with the proof. Suppose ω < − 1 3 , and that the set of points T is such that ρ(t) = 0 is numerable, and the adherence of any subset T i of T is not equal to the interval [x, y] for any x, y ∈ R. Then, there exits at most one point t such that ρ(t) = 0. Indeed, suppose there would be a pair of points t a < t b with ρ(t a ) = ρ(t b ) = 0. By hypothesis, it is possible to consider that in the interval I = (t a , t b ) there is no other point fulfilling the condition ρ(t) = 0. As ρ is defined to be non-negative (ρ = 3H
2 ) and ω < − , thenä(t) > 0, for any point in I, since ρ + 3P = ρ(1 + 3ω) < 0. Then, the functionȧ is strictly increasing in I. On the other hand, ρ(t a ) = 0 so thaṫ a(t a ) = 0. Thus, sinceȧ is strictly increasing, it turns out thatȧ(t a ) <ȧ(t b ), thereforeȧ(t b ) > 0, and then ρ(t b ) > 0. But this is a contradiction, because it is supposed that ρ(t b ) = 0. As a consequence, not more than one point t can exist such that ρ(t) = 0.
Finally, if ρ is equal to 0 at most at one point, then H is also equal to 0 at most in that point, and therefore,ȧ too. This last fact and the convexity of a imply that the only valid models of the Friedmann equation that avoid the initial singularity are the Bouncing and Emergent models.
